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We study the action and the dynamics of a relativistic particle, uncharged or charged, in multiscale
spacetimes. Invariance under reparametrizations and Poincaré symmetries uniquely determine the
action and the line element to be the usual ones, without the weight factors typical of particle
mechanics in these geometries. The resulting spacetime is multiscale only along spatial directions.
This version of the system is also dictated by recovery of the nonrelativistic limit together with
compatibility with Maxwell and electrodynamics field theory. Giving up all these requirements and
allowing for a nontrivial weight factor in the time direction produces a modified line element and
considerably complicates the dynamics in the case of a charged particle.
PACS numbers: 11.10.Kk, 05.45.Df
I. INTRODUCTION
Recently, spacetimes whose geometry changes with
the probed scale have been introduced (see [1–4] and
references therein). Dynamics is defined through an
action of the form S =
∫
d̺(x)L, where ̺(x) is
a Lebesgue–Stieltjes measure with anomalous scaling
̺(λx) ∼ λdH̺(x). The anomalous exponent dH is the
Hausdorff dimension of spacetime and its value is, in gen-
eral, scale dependent and different from the integer topo-
logical dimension D. Assuming that d̺(x) = dDx v(x)
and that the weight v is positive semidefinite and factor-
izable in the coordinates, v(x) =
∏D−1
µ=0 vµ(x
µ), one can
realize anomalous and multiscale geometries via multi-
fractional measures, i.e., such that each vµ is the sum
of noninteger powers of the coordinates. The purpose
of fractional models is twofold. On one hand, to under-
stand renormalization properties of field theories living in
nonconventional geometries [2, 5]. On the other hand, to
better characterize effective spacetimes in quantum grav-
ity by introducing an “alternative toolbox” of instruments
borrowed from multifractal geometry [1, 2] and transport
and probability theory [4, 6] (all fields where multifrac-
tional measures play an important role). Anomalous ge-
ometries arise most naturally in quantum gravity, either
by construction (in the quest for theories with absent
or tamed infinities in the ultraviolet) or from quantum
effects, or both. Then, multiscale geometries and the
tools of fractional calculus may serve as effective models
describing certain regimes or features of other theories
[7–9].
Presently, we will continue this trend of investigation
by examining in detail the relativistic particle. The
particle’s worldline is described by a parametrization of
the spacetime position coordinates xµ(τ), which are the
fundamental variables of the problem. As in standard
Minkowski spacetime, imposing the action to be invariant
under ordinary Lorentz or Poincaré symmetries severely
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constrains the dynamics, while demanding the nonrel-
ativistic limit [10] to be recovered removes any further
ambiguity in the multiscale formulation. The case with
only Lorentz (and neither translation nor parametriza-
tion) invariance is considerably more complicated and we
develop it in full only in the uncharged case.
The coordinates xµ, however, act also as parameters
of fields, which transform under the Poincaré algebra
of generators according to the rules of tensor calculus.
These rules are modified in multiscale spacetimes, and
the Poincaré algebra is deformed [3, 11]. Thus, when rel-
ativistic particles are embedded as sources in field theory,
we expect the equations of motion to reflect the multi-
scale nature of the problem. This is indeed the case, as
we will illustrate for a charged particle in Maxwell theory.
In the presence of a source Jµ(x), the energy-momentum
tensor of a U(1) gauge field Aµ is not conserved. To get a
conserved tensor density, we must specify the dynamics of
the source term. In ordinary Maxwell theory, one adds
to the action the contribution of a relativistic charged
particle [12, 13]. Building on the multiscale version of
Maxwell theory [11], here we will do the same, eventu-
ally obtaining the expected continuity equation of the full
energy-momentum tensor, but only in geometries which
are multiscale only in spatial directions. This anisotropic
configuration is precisely the one which can effectively
describe both noncommutative geometries with cyclicity-
preserving measures [7] and Hořava–Lifshitz spacetimes
[8] as multifractional systems.
Before starting, we comment on one particular multi-
scale theory where the discussion is simple enough to be
summarized in one paragraph. In a model [dubbed “q
theory” from the use of composite coordinates q(x) here
called ̺] [1, 2, 4] invariant under the nonlinear Poincaré-
like transformation ̺µ(x′
µ
) = Λµν ̺
ν(xν)+aµ, all coordi-
nates in the usual action are replaced by the distributions
xµ → ̺µ(xµ) . (1)
The resulting theory is not a trivial reformulation of or-
dinary physics because the “coordinates” ̺µ are actually
composite objects and have scale-dependent, multiply
anomalous scaling. This means that the physical mo-
2mentum is canonically associated with the nonanomalous
coordinates x, not with ̺, and the structure of momen-
tum space is different. In this geometry, the line element
is
ds̺ :=
√
−d̺µ(x) d̺µ(x) , (2)
the action for the relativistic neutral particle is simply
Sp = −m
∫
ds̺, and the nonrelativistic action Snonrel ∼
(m/2)
∫
d̺0(t) ̺i
′
̺i
′ is recovered. Here, roman indices
i = 1, . . . , D−1 run over spatial directions, primes denote
derivatives with respect to ̺0, the sum convention for re-
peated indices is adopted, and we take the Minkowski
metric with signature η = diag(−,+, · · · ,+). The equa-
tions of motion m∂2s̺
µ(x) = 0 follow suit. If the particle
is charged, its coupling with a Maxwell field is straight-
forward and is formally identical to the standard case
under the replacement (1). Although the q theory can
have a number of physical applications [1, 4, 8], regard-
ing the specific problem of the relativistic particle we will
focus on another multiscale model, namely, the one with
weighted Laplacian [3, 4, 11], which is mathematically
more interesting.
In Sec. II, we propose two versions of the uncharged
system. The choice between the cases will be deter-
mined by various factors, including whether we impose
nonrelativistic mechanics as the limit of the more funda-
mental action Sp. This will select the anisotropic case,
but the two cases will actually collapse into each other
when asking compatibility with Maxwell theory (Secs.
III and IV). This restriction (optional, as argued in Sec.
V) is v0(t) = 1, eventually leading back to the Poincaré-
invariant scenario. Still, the geometry is nontrivial, since
it is multiscale along spatial directions.
II. UNCHARGED PARTICLE
Consider first a noncharged relativistic particle. In or-
dinary spacetime, the only Poincaré-invariant action re-
covering the nonrelativistic Lagrangian L = (m/2)x˙ix˙
i
is, in c = 1 units,
S¯p[x] = −m
∫
ds¯ , ds¯[x] :=
√
−dxµdxµ , (3)
where ds¯ is the infinitesimal line element. In other words,
the action measures the proper-time interval between the
initial and final point of the particle worldline. In time-
space components, the line element can be also written
as ds¯ = dt/γ¯, where γ¯ := 1/
√
1− x˙ix˙i and dots denote
derivatives with respect to time t = x0.
In the context of field theory, the free field action of
multiscale spacetimes with weighted Laplacians is invari-
ant under the Poincaré algebra of transformations de-
fined by fractional momentum and Lorentz operators [3]
associated with ordinary translations and Lorentz trans-
formations
x′
µ
= Λµν x
ν (4)
on the coordinates xµ. A relativistic particle’s worldline
is represented by the coordinates themselves; so, when it
is added to a field action as a matter content, a natural
possibility is to require the particle action Sp to be in-
variant under Eq. (4). This considerably limits the form
of the dynamics. If we ask for Poincaré invariance, we
end up with the action (3), which, however, does not lead
asymptotically to the action of a fractional nonrelativis-
tic particle [10]
Snonrel =
1
2
m
∑
i
∫
dt v0(t) (vDtxi)2 , (5)
where v0(t) is the measure weight along the time direction
and
vDt = 1√
v0(t)
∂t
[√
v0(t) ·
]
. (6)
This weighted derivative actually stems from the space-
time derivative with the full measure weight v(x),
Dµ := 1√
v(x)
∂µ
[√
v(x) ·
]
. (7)
Since v is assumed to be factorizable, on a function f(t)
one has Dµf = vDtf . This derivative is the natural
choice in multiscale quantum mechanics giving rise to
a self-adjoint momentum operator [10]. In order to re-
cover (5) for v0(t) 6= 1, we have to give up translation and
Lorentz invariance. This is still compatible with field the-
ory, since the action Sp is, like Eq. (3), nonquadratic in
the fundamental variables.
A. Isotropic action weight
1. Line element and action
Multiscale actions feature a Lebesgue measure with a
nontrivial weight, and one may ask what happens if one
applies the same criterion to augment the action (3) by
a generic positive semidefinite weight function ω˜(s):
Sp = −m
∫
ds ω˜(s) , ds :=
√
−ω(s) dωxµdωxµ ,
(8)
where
dω :=
1√
ω(s)
d
[√
ω(s) ·
]
(9)
is the weighted fractional differential with respect to an-
other weight function ω(s). For the time being, we re-
gard ω and ω˜ as independent. Notice that s is not the
Lorentz distance in multiscale Minkowski spacetime; the
actual distance is s̺ in all versions of the theory, Eq. (2)
[1, 2]. The above definition of ds is implicit; after some
3algebraic manipulation, one finds
ds =
2
4/ω +Ω2 xνxν
{
−Ωxµdxµ
+
√
Ω2 (xµdxµ)2 −
[
4
ω
+Ω2 xνxν
]
dxµdxµ
}
,
(10)
where Ω(s) := ∂sω/ω, and the sign in front of the square
root has been chosen to get the correct signature in the
limit Ω→ 0. This expression is transcendental in s and,
typically, cannot be inverted to get s = s(x); we will use
it once later for a check.
Let us parametrize the worldline xµ(τ) of the particle
with an arbitrary parameter τ , as in the ordinary case
[13]. The action (8) becomes
Sp =
∫
dτ w(τ)L = −m
∫
dτ w˜(τ)
√
−w(τ) uˆµuˆµ ,
(11)
where the Lagrangian density L has been defined accord-
ing to the weight carried by the derivatives [10], the func-
tions w˜(τ) := ω˜[s(τ)] and w(τ) := ω[s(τ)] are fixed pro-
files of the parameter s, and uˆµ = Dτxµ, with the under-
standing that Dτ has weight w(τ) = ω[s(τ)] and Ds has
weight ω(s). Therefore, under a reparametrization τ →
τ ′ they will change form as w(τ) → w′(τ ′) = ω[s(τ ′)], and
the action is parametrization invariant only if ω = 1 = w.
Here we called uˆµ the D-dimensional “fractional velocity”
vector, using a hat to avoid confusion with the relativistic
velocity symbol
uµ := Dsxµ , ω u2 = ω uµuµ (8)= −1 . (12)
The measure weight w˜ can be naively fixed by requiring
that the action (11) in the integer picture reduces to the
usual one (3). This is not mandatory but it is somewhat
expected from the behaviour of the nonrelativistic parti-
cle mechanics [10] and of field theories [3]. In particular,
the nonrelativistic case suggests to define [10]
χµ(τ) :=
√
w(τ) xµ(τ) , (13)
so that ds =
√−dχµdχµ = ds¯[χ] and
Sp[x] = −m
∫
dτ w˜
√
−∂τχµ∂τχµ = S¯p[χ] (14)
if, and only if,
w˜(τ) = 1 = ω˜(s) , (15)
which will be also required by the dynamics for self-
consistency.
2. Equations of motion
We do not yet impose Eq. (15). Since w˜ and w are
fixed functions of the parameter τ , their variation with
respect to δxµ when calculating the equations of motion
is zero. In fact, from
δ(ds)2 = 2ds δ(ds) = −2wδ(Dτxµ)Dτxµ (dτ)2
= −2wDτδxµDτxµ (dτ)2,
one gets δ(ds) = −dτ w uµDτ δxµ. Applying this equa-
tion and the variational principle to the action (11) with
measure (15), after integrating by parts we obtain
δSp = −
∫
dτ w (mDτuµ) δxµ (16)
and the equations of motion
Dτpµ = 0 , pµ := ω˜ muµ . (17)
The vector pµ is the canonical momentum of the rela-
tivistic particle, as one can check when treating the lat-
ter as a constrained Hamiltonian system [14]. Given the
Lagrangian density L = −m(w˜/w)√−wuˆ2 in (11),
pµ :=
∂L
∂uˆµ
=
w˜√
w
muˆµ√−uˆ2 =
w˜√
w
muµ√−u2
(12)
= w˜ muµ . (18)
From the expression p2 = ω˜2m2u2, one gets the
momentum-mass relation
pµp
µ +m2w = 0 , mw = w˜
m√
w
= ω˜
m√
ω
. (19)
This is not the usual dispersion relation one would have
expected from the findings in nonrelativistic mechanics
[10] or in scalar field theory [3]. The ultimate reason is
the dynamical role of Eq. (19), where −p2 is (the square
of) a dynamical canonical variable and not the eigenvalue
of the Laplace–Beltrami operator. The presence of an ef-
fective varying mass is remindful of the analogous vary-
ing electric charge found in Maxwell theory and electro-
dynamics [11], although the density currents associated
with, respectively, the actual mass m and the electric
charge will obey crucially different continuity equations.
Let
Dˇτ := 1
w(τ)
∂τ [w(τ) · ] (20)
be the weighted derivative acting on bilinear densities:
Dˇτ (AB) = BDτA + ADτB. Applying Dˇτ to Eq. (19)
and using the equations of motion (17), we uniquely fix
the function w˜ as in Eq. (15). Thus, pµ = muµ, and
setting τ = s (w = ω) in the equations of motion (17)
yields
Dspµ = mD2sxµ = 0 , (21)
in agreement with the equations of motion of a massless
free particle in nonrelativistic mechanics (D2t xi = 0) [10]
and with the Klein–Gordon equation in massless scalar
field theory (DµDµφ = 0) [3].
4Notice that the integer picture (14) stemming from the
change of variables (13) is consistent. We have seen that
the action (14) corresponds to the one of a standard par-
ticle with worldline χµ. Since s¯ = s, the momentum
associated with χ is p¯µ = m∂s¯χ
µ =
√
ω pµ, and Eq. (21)
coincides with the standard equation ∂s¯p¯
µ = m∂2s¯χ
µ = 0.
In Hamiltonian formalism, Eq. (19) is a first-class con-
straint, which we implement by replacing the symbol =
with a weak equality ≈ on the constraint surface. As for
the relativistic particle in ordinary spacetime, the pres-
ence of a constraint stems from the fact that the momen-
tum p and the Lagrangian L are, respectively, zeroth and
first order in the “velocities” uˆ. As a consequence, there
is no unique solution uˆµ(x, p), the Lagrangian is singu-
lar, and the canonical Hamiltonian H := pµuˆ
µ − L = 0
vanishes identically. The Dirac Hamiltonian can then
be written as the sum of the canonical Hamiltonian plus
the first-class constraint multiplied times a function f(τ):
HD := H+ f(τ) (pµp
µ+m2w) ≈ 0. The fractional Hamil-
ton equations [10] correctly stem from this object. The
Poisson bracket between momentum and HD yields the
equations of motion (17),
Dτpµ = {pµ, HD} = −∂HD
∂xµ
= − ∂f
∂xµ
(p2 +m2w) ≈ 0 ,
(22)
while the bracket for xµ fixes the function f : uˆµ =
Dτxµ = {xµ, HD} = ∂HD/∂pµ = 2fpµ, hence
HD =
w
2m
√
−uˆ2 (p2 +m2w) . (23)
When w(τ) = 1, the system is parametrization invariant
and the residual arbitrariness in the parameter τ can be
removed by considering a gauge constraint x0 − τ ≈ 0
and treating Eq. (19) as a second-class constraint [14],
but we will not do it here.
3. Nonrelativistic limit
The representation in the integer picture can be used
as the starting point to discuss the nonrelativistic limit.
Expanding Eq. (14) (w˜ = 1) in an inertial frame where
|∂τχi/∂τχ0| ≪ 1, we get
Sp = −m
∫
dτ
√
−∂τχµ∂τχµ
= −m
∫
dτ
√
(∂τχ0)2 − (∂τχi)2
≈ −m
∫
dχ0 + Snr , (24)
where we assumed, without loss of generality, that
∂τχ
0 > 0 and
Snr =
1
2
m
∑
i
∫
dτ
1
∂τχ0
(∂τχ
i)2
=
1
2
m
∑
i
∫
dt
1
χ˙0
v0(t) (vDtxi)2 , (25)
where we set w[τ(t)] = v0(t) for any identification of the
worldline parameter τ with a function of time x0 = t.
The limit (24) is also obtained from Eq. (10), dropping
O(Ω2) and O(x3i ) terms.
To recover the nonrelativistic limit (5), one should im-
pose χ˙0(t) = ∂t(
√
v0 t) = 1, which implies w(τ) = 1 =
v0(t) and a spacetime whose multiscale structure is en-
coded only in spatial directions. This result motivates a
different scenario, where the measure weight w → wµ in
the derivatives is anisotropic.
B. Anisotropic action weight
1. Line element and action
A generalization of the previous case is obtained by
allowing for the differential dω in Eq. (8) to carry different
weights ωµ for each of the D directions:
(dωx)
µ :=
1√
ωµ(s)
d
[√
ωµ(s)x
µ
]
. (26)
The notation of the previous section can be used, pro-
vided expressions of the form wuˆ2 and similar are re-
placed by their counterpart where the sum over spacetime
indices is extended also to the weights, wuˆ2 → w · uˆ · uˆ =∑
µ wµuˆ
µuˆµ. For instance, the action can be written as
(ω˜ = 1 from the start)
Sp = −m
∫
ds = −m
∫ √
−d(√ωµ xµ) d(√ωµ xµ)
= −m
∫
dτ
√
w · uˆ · uˆ , uˆµ = (Dτx)µ . (27)
Consequently, the normalization (12) of the velocity
holds, ω · u · u = −1. We call ωµ the “action weights”
to avoid confusion with the spacetime weight v(x). A
system with anisotropic action weights is not necessarily
associated with a spacetime with anisotropic spacetime
weight.
2. Equations of motion
The variation δ(ds) = −dτ w ·u ·Dτ δx yields the equa-
tions of motion
(Dτp)µ = 0 , pµ = m(Dsx)µ . (28)
In particular, for τ = s one has
(Dsp)µ = m(D2sx)µ = 0 . (29)
The momentum p can be also defined by the general-
ization of Eq. (18) working in the integer picture and
computing p¯µ =
√
ωµ p
µ.
The dispersion relation (19) cannot be cast in terms of
p2, but, rather, with a weighed squared momentum:
ω · p · p+m2 = 0 . (30)
53. Nonrelativistic limit
Reconciling Eqs. (5) and (25) is now straightforward.
It is sufficient to make the following anisotropic identifi-
cations of the action weights, such that derivatives acting
on x0 are normal and those acting on xi all have the same
weight:
ω0 = 1 = w0 , ωi[s(t)] = v0(t) = wi[τ(t)] . (31)
Then, χ˙0(t) = ∂t(
√
w0 t) = 1 and Snr = Snonrel. The line
element of this system is
ds =
√
dt2 − v0(t) (dvxi)2 = dt
γ
, (32a)
where
γ =
1√
1− v0(t) (vDtxi)2
. (32b)
The nature of the nonrelativistic approximation γ ∼ 1
in multiscale spacetimes depends not only on how much
the modulus of the velocity x˙ is smaller than the speed of
light c = 1, but also on the time when the approximation
is taken with respect to the evolution of the Universe
determined by the hierarchy of scales contained in the
measure weight (and which can be better appreciated in
the multifractional realization of these measures [3, 4, 6,
11]).
The case of anisotropic geometries with standard time
direction is of particular interest. Setting v0 = 1 makes
the relativistic-particle system with line element (32) or-
dinary (χµ = xµ for all µ) and Poincaré invariant, Eq.
(3). The nontrivial multiscale structure along spatial di-
rections [vi(x
i) 6= 1] can be seen only in quantum me-
chanics [10] or when fields are coupled to the particle, as
in the case of electromagnetism that we will illustrate be-
low. In fact, the application of ordinary Lorentz transfor-
mations to the coordinates labeling fields will be instru-
mental to couple the relativistic particle and multiscale
field theory consistently.
Ultimately, the complications of the case with isotropic
action weights stem from the fact that, for the relativistic
particle, the time coordinate is also a degree of freedom
of the system. In contrast, in nonrelativistic mechan-
ics time is a parameter and spatial coordinates are the
degrees of freedom, while in field theory all coordinates
are parameters and the degrees of freedom are tensorial
densities. In other words, the coordinate or field redefini-
tions mapping the fractional picture to the integer picture
[e.g., χi(t) =
√
v0(t)x
i(t) in nonrelativistic mechanics
and Aµ =
√
v(x)Aµ in electrodynamics] do not combine
different degrees of freedom, since the measure weights
are functions of parameters. On the other hand, in rela-
tivistic mechanics the relation (13) does entangle differ-
ent degrees of freedom when moving to a parametrization
choice τ = f(t) or τ = f(s).
III. CHARGED PARTICLE
When the relativistic particle interacts with fields,
there is no clean representation in the integer picture
except in anisotropic geometries with v0(t) = 1. We can
see this in electromagnetism. The Maxwell action in mul-
tiscale spacetimes is [11]
SF = −1
4
∫
dDx v(x)FµνF
µν , (33)
where
Fµν = DµAν −DνAµ (34)
is the field strength of the Abelian gauge field density
vector A. To recast the action in the integer picture, it
is sufficient to make the field redefinition Aµ → Aµ =√
v(x)Aµ, so that SF = (−1/4)
∫
dDxFµνFµν , where
Fµν = ∂µAν − ∂νAµ =
√
v(x)Fµν . However, at the
level of particle mechanics the integer picture entails a
change of coordinates, Eq. (13), which should not happen
in a field-theory context. Combined with the above field
redefinition, the net result is considerably more intricate.
First, we notice that (sum over three-time repeated index
σ)
d
dxµ
=
dχσ
dxµ
d
dχσ
=
√
wσ
Dτxσ
∂τxµ
d
dχσ
=: ξµσ(x, τ)
d
dχσ
,
(35)
so that
Fµν =
1√
v(x)
(∂µAν − ∂νAµ)
=
1√
v(x)
[
ξ σµ (x, τ)
∂Aν
∂χσ
− ξ σν (x, τ)
∂Aµ
∂χσ
]
.(36)
The expression in brackets coincides with Fµν only if
ξ σµ = δ
σ
µ . This happens only when wµ = 1 for all µ.
In particular, the case where w0 = 1 and wi = v0(t) is
compatible with the integer-picture field theory if, and
only if,
v0(t) = 1 , wµ(τ) = 1 , (37)
consistently with the nonrelativistic limit. This corre-
sponds to a geometry which is multiscale only along spa-
tial directions. The alternative to imposing this condition
is to forfeit the integer-picture field theory altogether.
This is not an issue per se, since the physics is defined in
the fundamental variables xµ and field Aµ, while the in-
teger picture is only a useful calculational tool which, as
known, fails in interacting systems [3]. Here we have the
double complication of having both an interaction (be-
tween the particle and the electromagnetic field) and a
system (the relativistic particle) which is nonlinear even
when taken alone, at least at the level of the action. Over-
all, it would seem reasonable to abandon the integer pic-
ture.
6However, one may raise at least three objections
against doing so. First, the electromagnetic interaction
should at most produce an effective spacetime-dependent
electric charge while allowing for the integer picture [11].
Second, the equations of motion of the relativistic par-
ticle are indeed linear in the coordinates. Last, failing
to impose Eq. (37) renders the equations of motion and
the treatment of the energy-momentum tensor far more
complicated. Therefore, from now on we do assume (37).
We will keep the same velocity symbols as before, with
the understanding that uˆµ = ∂τx
µ and uµ = ∂sx
µ.
A charged particle produces an electromagnetic field
Aµ[x
ν(τ)] according to the action Sp + Se, where
Se =
∫
dxµ e˜Aµ =
∫
dτ uˆµ e˜Aµ . (38)
Here, e˜ = e0
√
v(x) is the effective spacetime-dependent
charge appearing in the covariant derivatives of electro-
dynamics [11] and e0 is the electron charge. The equa-
tions of motion can be easily found following almost the
usual steps [12, 13]. Varying the action (38) with respect
to δxµ,
δSe =
∫
dτ [uˆνδ(e˜Aν) + e˜Aµδ(∂τx
µ)]
=
∫
dτ [uˆν∂µ(e˜Aν)δx
µ + e˜Aµ∂τ δx
µ]
=
∫
dτ [uˆν∂µ(e˜Aν)δx
µ − ∂τ (e˜Aµ)δxµ]
=
∫
dτ uˆν [e˜ (DµAν)δxµ − ∂ν(e˜Aµ)δxµ]
=
∫
dτ uˆν e˜Fµν δx
µ . (39)
Adding this to Eq. (16) with w = 1, one obtains the
equations of motion
∂τpµ = uˆ
ν e˜Fµν , (40)
or, for τ = s, m∂suµ = u
ν e˜Fµν .
Equation (38) can be written in terms of a source Jµe .
First, one replaces e˜ with a spatial charge distribution
ρe of pointwise charges e˜n ∝ e˜(xn) located at various
points xn. In our case, ρe should take into account the
nontrivial measure weight of space, so that the ordinary
Dirac distribution is replaced by a multiscale spatial delta
distribution δv(x,xn) :=
∏
i δ(x
i − xin)/
√
vi(xi) vi(xin)
(e.g., Ref. [6]). Multiplying ρe times x˙ yields the charge
density current
Jµe := ρe x˙
µ , ρe =
∑
n
e˜nδv(x,xn) . (41)
Thus, e˜ → de˜ := ρe d̺(x) in Eq. (38), which becomes
(τ = t)
Se =
∫
dxµ de˜Aµ =
∫
dDx v(x)Jµe Aµ . (42)
In particular, in the integer picture one has Se = S¯e =∫
dDxJ µe Aµ, where J µe :=
√
v Jµe . The equations of mo-
tion (40) can be recast in terms of mass and charge den-
sities,
ρm∂suµ = ρeu
νFµν , (43)
where ρm =
∑
nmnδv(x,xn).
IV. ENERGY-MOMENTUM TENSOR
To get the energy-momentum tensor [12], one notices
that the four-momentum density should be of the form
(p)T 0ν = ρmu
ν, so that
pν =
∫
d̺(x) (p)T 0ν . (44)
Moreover, the mass density is the 0 component of ρmx˙
µ,
so that the symmetric energy-momentum tensor of the
relativistic particle is
(p)T µν := ρmγu
µuν = Jµmu
ν , (45)
where γ = ds/dt and in the second step we defined a mass
density current Jµm := ρmx˙
µ. Despite its similarity with
the charge density current, they obey different continuity
laws. Let
Dˇµ := 1
v
∂µ [v · ] (46)
be the weighted spacetime derivative for bilinears. In
the present case, Dˇ0 = ∂t. While it was shown in Ref.
[11] that the charge density current is conserved with
respect to the weighted derivative (7), DµJµe = 0, due to
conservation of the total mass M =
∑
nmn we have
0 = DˇµJµm = ρ˙m +
1
vi
∂i(vi J
i
m) . (47)
Integrating over the spatial volume and throwing away a
boundary term, one gets M˙ = 0.
The multiscale continuity equation for (p)T is obtained
by applying these results:
Dˇµ (p)T µν = uνDˇµJµm + Jµm∂µuν
(47)
= Jµm∂µuν
= ρmx˙
µ ds
dxµ
∂suν
(43)
= −ρex˙µ ds
dxµ
uµFµν
= −Jµe Fµν . (48)
If we add the dynamics for the U(1) gauge field A, we
obtain conservation of the energy-momentum tensor of
Maxwell theory in multiscale spacetimes with pointwise
particle sources. The total action is S = Sp + Se +
SF . The energy-momentum tensor associated with the
Maxwell term is [11]
(F )Tµν = −1
4
F στFστηµν + F
σ
µ Fνσ , (49)
7which, upon using the cyclic relation DˇσFµν + DˇµFνσ +
DˇνFσµ = 0 and Maxwell equations DνFµν = Jµe , obeys
the (non)conservation law [11]
Dˇµ (F )T µν = Jµe Fµν . (50)
Combining this with Eq. (48), we get
Dˇµ T µν = Dˇµ [(F )T µν + (p)T µν ] = 0 , (51)
as announced in [11].
V. DISCUSSION
We conclude by drawing some consequences for the
spectral dimension dS of multiscale spacetimes [4] and
electrodynamics [11].
The spectral dimension of a geometry is obtained by
letting a test particle diffuse via a transport equation
which can be constructed from stochastic nonrelativistic
mechanics. While in ordinary geometries this procedure
is straightforward, in multiscale spacetimes there is an
ambiguity in the choice of the scaling of the abstract dif-
fusion time. In turn, this scaling determines the value of
the spectral dimension [4]. If the scaling is nonanoma-
lous, dS = D. In this paper, we found that the charged
relativistic particle admits an integer picture and is com-
patible with field theory only in spatially multiscale ge-
ometries where time direction is ordinary. An ordinary
nonrelativistic limit, as implied by Eq. (37), would tell
us that the diffusion equation should be standard and,
thus, dS = D.
The same reasoning would also lead to the conclusion
that uniform charge distributions in multiscale space-
times with v0(t) = 1 are associated with a measured con-
stant electric charge. This would rule out the effects of
the time-varying fine-structure constant of multiscale ori-
gin discussed in Ref. [11]. Yet, nontrivial effects coming
from a space-dependent electric charge (hence, a spatially
varying fine-structure constant) would not be excluded.
All these conclusions are based upon the nonrelativis-
tic limit (5) and compatibility of the charged relativistic
particle with field theory. Concerning the first assump-
tion, a simple alternative avoiding the condition dS = D
is to give up the nonrelativistic limit (5), assume the
relativistic formulation as fundamental, and define the
nonrelativistic limit through it, as in Eq. (25). Then,
one would not need to impose constraints on the action
weights, but the nonrelativistic action would neverthe-
less lead to a modified mechanics and a modified diffu-
sion equation with respect to that found in Ref. [4]. On
the other hand, if one insists to keep Eq. (5), one should
also remark that the particle-plus-fields system is not fun-
damental, in contrast with a pure field-theory approach
where the electromagnetic source producing the current
Je is a fermionic density field [11]. At a level more funda-
mental than classical mechanics, the requirement (37) is
not compelling. This suggests to turn around the above
conclusions and reinterpret them in a more conservative
way: Electromagnetic sources may be well approximated
by the relativistic mechanics presented here only in mul-
tiscale geometries with ordinary time direction. When
time is anomalous, one should resort either to field the-
ory or to a more complicated mechanics model.
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